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1. Int roduction

Tong ( 1975) considered the problem of constructing a f ixed-width confidence

in te rva l  for the largest mean from k norma l populations w i t h  unknown variance.

h i s  procedure is a sequent ia l  procedure and is based on the ideas of Chow and

Robb ins (1965). Uowever , the very nature of t h i s  K populat ion problem is

q u a l i t a t i vely different  from the simpler prob l em construct ing a confidence

interval  for a mean because the user has the f l e x i b i l i t y  (not found in Tong ’s

procedure) of sampling selectively from the popu lations.  One method of such

se lec t ive  sam p l i n g  i s  ~‘;:~,~ut j~’n . where a population is el iminated from fur t her

conside rat i on when the data indicate said popu lation is un l ike ly  to be assoc i-

ated w i t h  the la rgest mean .

The purpose of this note is to show that , us ing the ideas of Swanepoel and

(;eertsema (1976) , it is easy to construct a sequential competitor to Tong ’s

procedure which posse sses the el im ina t ion opt ion , achieves its intended

coverage pr obability, and can lead to great savings in sample size when the

population means are not identical. When the population means are nearly

iden t ical , the procedure will take approximately 10% more observations than

Ton g ’s procedure , a small price to pay for possible large savings . To this end ,

in Section 2 we present a Monte-Carlo study of Tong’s procedure . In Section 3,

we introduce the elimination procedure and study its small samp le behav ior i n

a Monte-Carlo study .

2 . TonI’s Procedure

Suppose we have k populations and take independent and i d e n t i c a l l y  d is t r i -

buted observations ~~~~~~~ ... from population i .  Define
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= (k (n - l )Y ~ ~~ ~~ - ~ (n)
)
2 (pooled sample variance)

i=1 j=l

y(n) ! 
~1 ~ j=l 

1~)

We will assume that the observations from the ith population are normally

dist ributed with mean ~i. and common variance a2 . If ... 
.~~. 

u~~~ 
denote

the unknown ordered means, the goal is to estimate the largest mean 
~[kJ 

by a

confidence interval with coverage probability ~y’ and prescribed fixed length L.

Tong ’s (1973) sequential procedure is of the following form. Let ~ be the

standard normal distribution function and define

= min {~~(c-x) - ~
k(_x) , ~(c-x) -

sup ctk
(c,x) 0

K
(c,xo~~~~

c0
(y) = inf(c: ct.

K
(c ,xO (c) ) > y}

He then takes N
T observations from each population, where

NT(L) = smallest integer n > S such that n > (c0 (y) skf l / L ) 2

and announces the following confidence interval of length L:

I ( N  (L))  = ( - (L - x s fN 2), + x $ /N T
2) ,

T T T T

where x
0 

= x
0

(c
0(y)). Tong shows that

NT (L)
u r n  2 

-
~ 1 (almost surely)

L-’ O (c0 (y) a/L)

u r n  p
~1~ k 

c 1 (N
T

(L ) ) }  > y for all p1,...,~
j and a

L -’O

In Table I we present values of c0 = c
0
(y) and x0 

= x
0

(c
0

(y))  for var ious

values of y and k .

L 
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As part of this study we decided to investigate the smal l sample bahavior

of Tong ’s rule by means of a Monte-Carlo study . We studied the following

configurat ions of means

a • ~ ~k— 1 
a — U

— • U ( 1 • 1 . • . k— I )e e L  e ‘

wi th U • 0.0 , 0.5 . 2 .0 .  We chose y • .90 and I • 0.50, 1 . 00, with K • 2,3.S

ansi LU . ‘the results are reported in Tables 2 and 3. It appears that Tong ’ s

procedure does i ndeed a pp r ox i m a t e l y  ach ieve  it prescribed coverage proba b ility.

N ote ’ however th at  the average t o t a l  number of ohst’rvat ions is Independent of U .

t he’ spacing of the means, it is t h i s  undesirable feature of Tong ’s procedure

which we will attemp t to improve upon iii the  t ie ~~t ‘.ect eon .

I i  e m i t i u t t o n  Procedures

The pr ev iou s  sect ion make’s clear  that while Tong ’s procedur e a d h i e ~ es i t s

coverage probab ility in small samples , it  is “data-blind” in the sense that it

akes no accou nt ot i n f o r m a t i o n  ava i la t h  e from the  data about the r e l a t i v e

difference’s among t he  means , lii order to begin to desi gn a procedure which

w i ll take the data more’ fully unt o account we invest igate a procedure which

at tempt s t o  citm inate ea r ly  en the experiment popula t ions  which are ~b~ t o u s l y

not associated w i t h  the  largest mean .

rh~ Jea is bast’~I UP~ II .e techn ique’ due’ to Swane’poe 1 and t eert s~ nea ( 1 9 T h )

F ssen t jaIl ~ , if we des ire a coverage prohab i Lit y ‘
~ and set (1 - 

~ 
) • (I— ~~l i (1— ~;l

we will use Swanepoel and Ijeertsema’s technique (with a m i n i m a l sample s i :c  of 5) ,

to eliminate populations with error probabilit y at most (l-~), and we will use

Tong ’s procedure with coverage probab ility 
~~ 

and the remaining populations.

S

-~~~~~~~~~~~~ - -~~~S- — - - - - - S ~~~- - -~~~~~~~~~~~~~~~~~~
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When y • .90, we will choose = .92 and 13 = .98 . This simple graf t ing of

two tech ni ques w i l J  resul t in a procedure which is sli ghtl y conservative when

the means are all nearly the same but is very efficient when some observations

should be eliminated. We outline the steps in the grafting as follows:

Step #1. For any ~ ( typ ically .90< 13 .99) and K , choose values of (a ,t),

where

t = .2(1 + a74)
5

1 — F
4

(a) + a f
4

(a) = ( l — 1 3 ) / ( k - l )

and F4(f
4) is the distribution (density) function of a t distribution with four

degrees of freedom . The values of (a,t) are given in Table 4.

Step #2. Define

H (i,j,n)= - - + ~(n)~ 2

h(13,n) = [( tn) 1”~ - l ] 2

We say that population i is e!i~’~i’~it .,’J at stage n > 5 if it has not been elimi -

nated before stage n and if

j(n) 
— 

‘~-(n) 
> h ( 1 3,n) H(i,j,n)

for some population j which has yet to be eliminated at stage n.

Step #3. Choose y as the intended coverage probability. Let

(1- 13) + (l
~
yo

) = I-y • Take f i ve observations fr om each population . Use the

Tong procedure w ith 10 
if N

T 
= 4

Step #4. If N
T ~ 5, el iminate whatever populations you can . Suppose there

are k6 populations left .

4
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St~ p 05. Take another obse rvat io n on each remain i ~~ popu 1 .i t ion , so t hat there

are now n observations on K popu l at ions .  Compute c0 and x0 as in Section 2

of this  paper based on and k~ . Compute s2 (n~ k~ ) pooleei sample var iance

on the k populat ions .

If  n (c
0 

s(n~k~)/LY. discon ti nue samp l ing and announce the Tong

confidence in te rva l  w i t h  k populations.

Ste~~~
’. Otherw i se, set U = n.1 and ~ee i f  any more’ populat i ons can he elimi-

mated. There arc now K
11 

populat ions left . Return to step itS.

In Tables 5-8 we present the results of a simulation (with 200 iter~It ions)

of the elimination rule for a fixed-width confidence interval of length L for

the largest norma l mean.  The pres cr ibed confidenc e level i s ‘y = .90. and we

chose = .92, 13 = .98, so that only obviously Inferior populations were

el iminated from consideration . In Tables 9 and 10 we present values of the ratio

total observations used b~ Tong ’s proced ure
total observat ions used ~~

‘
~the elimination procedure

The tabl es make clear the fol low ing conclusion s:

(1) The elimination rule achieves its intended coverage probability.

(2) The’ eliminat ion rule results in approximately I0~ more observ ati ons

in the case that the means are relatively close and K is small.

(3) Whe n the means d i f fe r  to any appreciable degree and for larger K , the

e l imi nat ion rule can result in substantial savings in the number of observations

taken . For example if K a LO . I. = .50, U = .50 and

U2 - = U = .50

U3 ~‘2 U =

U 10 U9 d .50

the e l i minat ion procedure takes only 35% of the total  observations needed by

Tong ’s procedure, a dramatic savings .



—

~~~~~~~~~~~ ~~~~~~

4 . Conclusion

We have discovered by a simple grafting techni que a procedure which elimi-

nates obviously inferior populations early in the experiment , t.~us leading to

possibly drama ti c sav ings in samp le size’ over the conventional procedure. We

argue that elimination methodology is easy to use and easy to study , and tha t

the savings in sample size argue for their implementation . 
S
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Table 2

.-\ v L -r ,& - numb er . t  correct d e c i s i o n s  in 200 s i m u l a t i o n s  of Tong ’ s procedur e ,

I = ‘ ‘ ‘  = 0k- 1  =

k 2 3 5 10

d = 0. 0 , I. = . 50 .900 .900 .930 .905

d 0.0. 1. = 1 .0 •90 5 .910 .9 15 - S 9 ()

‘.1 = - , 1. = .50 . ~~ 0 .930 .930 .92 0

‘.1 = .50 , I. = 1 .0 .930 925 - ~~~~‘ ‘ - 9S0

d 2.0, 1. = .50 .890 • 9 .~5 .020  .900

d = 2.0, L = 1.0 .900 -~~~~~~~~ .9 10 . 890

N .R. l’he av cr . C~ sai~p 1e s i  :e •- k ( t h e  t o t a l  number of observat  ions )  UP Ofl

stopping is

k 2 3 5 10

1. = 1 .00 2 1 33 59 13

I. = .50 8-1 1 3 2  2 58 538

I ’—
_ _ _ _ _ _ _ _ _ _  ~~~- - -- -—---~~~~-~~~-. — - 5
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Table  3

Average number of correct decisions in 200 simulations of Tong ’s procedure ,

- p . d (i = l~ . . .,  k- i) -

k 2 3 5 10

d = 0.0 L = .50 .900 .900 .930 .905

d = 0.0 L = 1.0 .905 .910 .915 .890

d = .50 L = .50 .890 .925 .925 .900

d = .50 L = 1.0 .930 .890 .955 .930

d = 2 .0  L = .50 .890 .925 .920 .900

d = 2 .0  L = 1.0 .900 .865 .910 .890

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table S

Coverage probabilities for elimination rule with y = .90 and

1,
~l 

‘ ‘ ‘  

~k-l 
- d.

k 2 3 5 10

d = 0.0 L .50 .930 .930 .915 .905

d = 0.0 L 1.0 .920 .890 .915 .920

d = .50 L = .50 .895 .950 .910 .925

d = .50 L 1.0 .950 .940 .980 .980

d = 2.0 L = .50 .880 .935 .895 .890

d = 2.0 L 1.0 .880 .880 .915 .910

- ~~~~~. 
-

-~~~~~~~~~—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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Table 6

Average total number of observations for elimination rule with ‘y- .90 and

= 

~k-1 
= - d.

k 2 3 5 10

k = 0.0 L = .50 94 147 264 593

d = 0.0 L = 1.0 23 36 67 152

d = .50 L = .50 88 141 253 - 575

d = .50 L = 1.0 23 36 67 152

d = 2.0 L = .50 55 67 90 160

d = 2.0 L = 1.0 19 30 53 120

I-
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Table 7

- , Coverage p r o b a b i l i t i e s  for elimination rule with y .90 and

4 L+ 1 
— ~i. d, I • 1 k . . ., k — l .

k 2 3 5 10

d 0.0 1. = .50 .930 .930 .915 .905

41 = 0.0 L — 1.0 .920 .890 .915 .920

41 = .50 L .50 .895 .940 .895 .910

d • .50 L = 1.0 .950 .946 .960 .930

41 = 2.0 1. = .50 .880 .935 .900 .88S

d • 2.0 1. = 1.0 .880 .875 .875 .910

_ _  _ _  _
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Table 8

Average total number of observat ions for e l imina t ion  rule w i t h  y • .90 and

- — d, t • L ,. ..,k-1.

K 2 3 5 10

d • 0.0 L • .50 94 147 264 593

41 = 0.0 1. 1.0 23 36 6~ 152

d • .50 1 • .50 88 120 150 189

d = .50 1 = 1. 0 23 36 61 9’

d • 2.0 1 = .50 b2 73 98

d = 2.0 I. = I . 0  19 25 36 (42

4 -‘

_ _ _ _ _
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Tab le  9

R a t i o  of Tong ’s total sample size to elimin ation rule ’s tot .i l sample s i :- for

• ‘ 

~k-1 
— - d.

K .
‘ .S 5 10

41 z 0.0 I. = .50 . .90 .90 .9 1

41 • 0 .0  I. • 1.0 .91 .92 . $S  .90

41 • .50 1. .S () .9S .9 4 .9-1 .94

41 • .50 I. = 1 . 0  .91 .92 .88 .90

41 = 2.0 L — .50 1.53 1 .9”  2 .64

41 = 2.0 I. = 1.0 1 .11 1 .10 1. 1 1 ~14

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~
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Table 10

Ratio of TOng ’s total sampl e size to elimination rule’s total sample size for

- = d, i = 1,...,k-1.

k 2 3 5 10

d = 0.0 L = .50 .89 .90 .90 .91

d = 0.0 L = 1.0 .91 .92 .88 .90

C d = .50 L = .50 .95 1.1 1.59 2 .85

d = .50 1 = 1.0 .91 .92 .97 1.41

d = 2.0 L = .50 1.53 2.13 3.26 5.49

d = 2.0 L = 1.0 1.11 1.32 1.64 2.21

... 
- -  _ _ _ _ _ _ _ _ _
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